
TECHNICAL REPORT
CMU/SEI-99-TR-018

ESC-TR-99-018

An Engineering
Method for Safety
Region Development

Danbing Seto
Lui Sha

August 1999





Pittsburgh, PA 15213-3890

An Engineering
Method for Safety
Region Development
CMU/SEI-99-TR-018
ESC-TR-99-018

Danbing Seto
Lui Sha

August 1999

Dependable System Upgrade

Unlimited distribution subject to the copyright.



This report was prepared for the

SEI Joint Program Office
HQ ESC/DIB
5 Eglin Street
Hanscom AFB, MA 01731-2116

The ideas and findings in this report should not be construed as an official DoD position. It is published in the interest of
scientific and technical information exchange.

FOR THE COMMANDER

Norton L. Compton, Lt Col., USAF
SEI Joint Program Office

This work is sponsored by the U.S. Department of Defense. The Software Engineering Institute is a
federally funded research and development center sponsored by the U.S. Department of Defense.

Copyright 1999 by Carnegie Mellon University.

NO WARRANTY

THIS CARNEGIE MELLON UNIVERSITY AND SOFTWARE ENGINEERING INSTITUTE MATERIAL IS
FURNISHED ON AN “AS-IS” BASIS. CARNEGIE MELLON UNIVERSITY MAKES NO WARRANTIES OF ANY
KIND, EITHER EXPRESSED OR IMPLIED, AS TO ANY MATTER INCLUDING, BUT NOT LIMITED TO,
WARRANTY OF FITNESS FOR PURPOSE OR MERCHANTABILITY, EXCLUSIVITY, OR RESULTS OBTAINED
FROM USE OF THE MATERIAL. CARNEGIE MELLON UNIVERSITY DOES NOT MAKE ANY WARRANTY OF
ANY KIND WITH RESPECT TO FREEDOM FROM PATENT, TRADEMARK, OR COPYRIGHT INFRINGEMENT.

Use of any trademarks in this report is not intended in any way to infringe on the rights of the trademark holder.

Internal use. Permission to reproduce this document and to prepare derivative works from this document for internal use is
granted, provided the copyright and “No Warranty” statements are included with all reproductions and derivative works.

External use. Requests for permission to reproduce this document or prepare derivative works of this document for external
and commercial use should be addressed to the SEI Licensing Agent.

This work was created in the performance of Federal Government Contract Number F19628-95-C-0003 with Carnegie
Mellon University for the operation of the Software Engineering Institute, a federally funded research and development
center. The Government of the United States has a royalty-free government-purpose license to use, duplicate, or disclose the
work, in whole or in part and in any manner, and to have or permit others to do so, for government purposes pursuant to the
copyright license under the clause at 52.227-7013.

For information about purchasing paper copies of SEI reports, please visit the publications portion of our Web site
(http://www.sei.cmu.edu/publications/pubweb.html).



CMU/SEI-99-TR-018 i

Table of Contents

1 Introduction 1

2 The Simplex Architecture and the Safety
Region 3

3 Lyapunov Stability Theory in Safety
Control 7
3.1 Lyapunov Stability Theory 7
3.2 A Stabilization Problem 10

4 Stability Analysis with LMI-Based
Approaches 13
4.1 Stability Region with a Given Controller 15
4.2 Design of the Safety Controller 17
4.3 Further Improvements on Safety Control

Design 21

5 Conclusions 25

References 27



ii CMU/SEI-99-TR-018



CMU/SEI-99-TR-018 iii

List of Figures

Figure 1:    A Typical Real-Time Computer-Controlled
System 1

Figure 2:    A Simple Mechanical System 5
Figure 3:    Illustrations of Stability-Related Definitions 8
Figure 4:    The Stability Region (Solid Line) of the

Closed-Loop Plant in Example 4.1 with
Control Law 21 32 xxu −−= 17

Figure 5:    The Stability Region (Solid Line) for the
Designed Safety Controller in Example 4.2 20

Figure 6:    Comparisons of the Stability Region and
Performance of the Plant Under the Designed
Controller and the Given Controller 21

Figure 7:    A Development Cycle for Semantic Fault
Tolerance Mechanism Using LMI 26



iv CMU/SEI-99-TR-018



CMU/SEI-99-TR-018 v

Abstract

In this report, we study tolerance of semantic faults, one of the crucial issues in the Sim-
plexTM architecture. In particular, we examine semantic faults that cause the controlled device
to be unsafe (i.e., unable to carry out its normal operation) and eventually cause the device to
become damaged. We also consider fault detection as a safety check. For the class of control
systems operating around an equilibrium, the objective of maintaining the safety of the con-
trolled device is formulated as a stabilization problem, and the safety of the controlled device
is tested against the stability region of the device under the safety control. To establish the
stability region, we apply the Lyapunov stability theory and linear matrix inequality (LMI)
methodologies. It is shown that the stability region for a given safety controller as well as a
safety control law can be systematically derived by LMI-based approaches. We conclude the
report with a summary of the procedure for deriving the safety check and safety controller for
a given application.

                                                
TM Simplex is a trademark of Carnegie Mellon University.
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1 Introduction

With the rapid advancement of computing technology, the real-time control of physical de-
vices has shifted from the analog domain to the digital domain, and control implementations
have become an issue of software development. The so-called real-time computer-controlled
systems have been seen in all practices[na1], ranging from simple motion-control systems to
large-scale, complex systems. Figure 1 shows a typical real-time computer-controlled system.

Clock

Control Law 1

Control Law n

 Control
SelectionA/D D/A

Physical Plant 1

Physical P lant n

Switching
      Box

Switching 
      Box

Com puter

Figure 1:    A Typical Real-Time Computer-Controlled System

In this system, the control unit is a computer, which consists of an analog to digital (A/D)
converter, computing processes to generate control commands, a real-time clock, and a digi-
tal to analog (D/A) converter. The control unit controls a group of physical plants. The real-
time clock governs periodic sampling of the physical plants and control update. For each
sample, measurements of the physical plants are fed to the control unit and are converted to
digital signals through the A/D converter. Based on these measurements, control commands
are computed, converted to analog signals through the D/A converter, and sent to the physical
plants. Such a control update cycle is repeated at a prescribed sampling rate. For ease of ex-
position, we have defined a controller as the software implementation of a control law, a
physical plant (or plant) as the physical device to be controlled, and the overall system as the
complete computer-controlled system. It is worthwhile to emphasize that Figure 1 presents
only the basic configuration of a computer-controlled system. In a large-scale, complex sys-
tem, the system shown in Figure 1 could be a subsystem, which is often referred to as an em-
bedded system.
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To take full advantage of advanced computing technology, most users want to be able to up-
grade and evolve computer-controlled systems (especially large-scale, complex systems). In
most cases, the ability to upgrade and evolve the overall system depends on the system’s
ability to adopt software changes. Since many systems are life critical, reliability and avail-
ability are the essential requirements for these systems. To achieve high reliability and avail-
ability when the system is upgrading or evolving, it is better to introduce software change in
a safe and reliable fashion while the system is running. The SimplexTM architecture is de-
signed for this purpose. By facilitating replacement units and analytically redundant control-
lers, the Simplex architecture allows an upgraded controller to be introduced to the system
online to control the plant under the protection of the so-called safety controller. The up-
graded controller will continue to control the plant unless it contains faults that will cause the
plant to malfunction. If this is the case, the safety controller will take over when the fault is
detected. In this report, we study the issue of fault detection related to controller design and
implementation, and the control switching logic for fault tolerance. In particular, we focus on
establishing the safety region (to be defined precisely in subsequent sections) and propose a
systematic approach for deriving the safety region and designing the safety controller.

This report is organized as follows. In Section 2, we briefly review the Simplex architecture
and formally define the notion of safety region. In Section 3, we establish the relation be-
tween the safety region and the stability region for a class of control systems, and we define
the safety control objective as stabilization of the plant. The stability analysis is carried out
based on the Lyapunov stabilization theory. In Section 4, we formulate the stabilization con-
trol as a linear matrix inequality (LMI)1 problem and solve the problem by using the existing
approaches in LMI literature. In particular, we first derive the stability region for the closed-
loop system under a given linear state feedback control, and then design a state feedback
control and derive the corresponding stability region. Furthermore, we discuss the design of
the state feedback control with certain prescribed performance requirements. In Section 5, we
conclude the report with a summary of what has been done and the lessons learned.

                                                
TM Simplex is a trademark of Carnegie Mellon University.
1 A linear matrix inequality (LMI) is an inequality of a linear combination of matrix variables. For
example, if A is an nn ×  constant matrix and Q is an nn ×  matrix variable, then the inequality
QAT + AQ < 0 is an LMI.
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2 The Simplex Architecture and the Safety
Region

The Simplex architecture is a software technology that supports safe, reliable, online software
upgrade. A detailed description of the technology is given in the Simplex Architecture Tuto-
rial.2 Applications of the Simplex architecture in control systems are discussed in [Seto 98]
and [Sha 97]. In this report, we will concentrate on the core functionality of the Simplex ar-
chitecture—fault tolerance.

The fault tolerance in the Simplex architecture is based on the concept of analytic redun-
dancy. The analytically redundant controllers are designed to take into account the upgrade of
control algorithms. In particular, a highly reliable controller, the safety controller, is designed
to work with the upgraded controller, the implementation of the upgraded control algorithm.
When the upgraded controller is introduced to the system, it will take control of the physical
plant, and the dynamic behavior of the plant will be monitored. The upgraded controller will
continue to control the physical plant if the behavior of the plant is satisfactory with respect
to some prescribed criteria. If the plant does not behave in a desired way, the upgraded con-
troller may contain bugs. As a result, the upgraded controller will be disabled, and the safety
controller will take over control to maintain the operation of the overall system. Then the up-
graded controller will be taken offline to be investigated and repaired. After it is fixed, the
upgraded controller will be reinserted into the system and will take back control of the physi-
cal plant. Such a cycle will be repeated until the reliability of the upgraded controller is the
same as the reliability of the safety controller. In this way, we will have a highly reliable con-
troller with the upgraded feature.

The fault tolerance in the Simplex architecture consists of two parts: fault detection and fault
recovery. As mentioned earlier, fault detection is related to the switching criteria used when
the control of the physical plant is switched from the upgraded controller to the safety con-
troller, while fault recovery concerns the safety control, which prevents the plant from failing.
Apparently, different faults may involve different detection mechanisms. In the Simplex Ar-
chitecture Tutorial, Peter Feiler (of the Software Engineering Institute) summarizes the types
of faults that the Simplex architecture can handle (namely, timing faults, semantic faults, and
resource-sharing faults). In this report, we will focus on the semantic faults, which are faults
caused by incorrect design and implementation of the upgraded control algorithm. This type

                                                
2 The Simplex Architecture Turorial is available from Peter Feiler of the Software Engineering
Institute, Pittsburgh, Pennsylvania.
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of fault will cause malfunctioning in the physical plant and cause the plant to enter an unsafe
state from which no control will be able to bring the plant back to normal operation. Eventu-
ally such a state will lead to physical damage. Therefore, the detection of semantic faults can
be defined as the point where the upgrade controller is about to drive the physical plant into
an unsafe state. In this sense, semantic fault detection becomes a safety check of the physical
plant. Given that the safety controller will carry out the recovery once a semantic fault is de-
tected, the safety check will depend on the control capability of the safety controller. In other
words, for a given safety controller, the upgrade controller may contain a semantic fault if it
is driving the physical plant to a state from which the safety controller can not bring the plant
to normal operation. The safety of a physical plant with respect to the safety controller is de-
fined precisely in [Seto 98], and we will review it in the remainder of this section.

A formal description of plant safety is based on a mathematical model of the plant. Let
nRx∈  be the n-dimensional state of the physical plant, and mRu ∈  be the m-dimensional

control input to the plant. The class of physical plants that we are interested in can be de-
scribed by the following state equations:

)),(,( txuxfx =& with (1)

state constraints: 0)(,...,0)(1 ≤≤ xqxq l , (2)

control constraints: .0)(,...,0)(1 ≤≤ upup r (3)

Definition 2.1: Given the plant in Equation (1) with the constraints in Equations (2) and (3),

1. A state x is admissible if it satisfies the constraints in Equation (2). The set of admissible
states F is defined as { }0)(,...,0)(: 1 ≤≤= xqxqxF l .

2. A control input u is admissible if it satisfies the constraints in Equation (3). The set of
admissible controls G is defined as { }0)(,...,0)(: 1 ≤≤= upupuG r .

The control law u can be either open loop or state feedback. The state and control constraints
together give the physical constraints to the physical system, which are usually treated as
hard constraints. The physical constraints reflect operating limits for physical devices or other
considerations such as lack of sufficient knowledge to operate the physical system outside of
these boundaries. The safety of the system is concerned with the operation of the physical
system without violating the physical constraints. Soft constraints may also exist, reflecting
regions within which certain desired control performance can be maintained. Violations of
these performance-related limits do not necessarily threaten the safety or viability of the
physical system, however. In this report, we focus on the class of systems in Equations (1)–
(3) with hard physical constraints.

Example 2.1: Consider a simple mechanical system as shown in Figure 2.
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Figure 2:    A Simple Mechanical System
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The safety of the physical plant can be described with respect to a region in the state space
where the safety controller can control the plant without violating the physical constraints. To
characterize this region, we first define the operational region of a controller.

Definition 2.2: Consider the plant in Equations (1)–(3). An operational region (OR) for a
given control law u, which takes values from G, is defined as a subset FOu ⊆  such that un-

der the control of u, the trajectory of the plant, starting from any state in uO , will remain in

uO  and satisfy the control objective of u.

Since the safety controller is designed with the control objective of keeping the physical sys-
tem from violating the physical constraints, the operational region of the safety controller can
serve as a characterization of the plant safety. For instance, we could say that the plant is safe
if its state is inside the OR of the safety controller; otherwise, it is unsafe. However, such a
characterization can not be used as the switching criterion for the safety controller to take
over. By the definition of the OR, it is clear that the control objective of a control law u may
not be achieved if the physical plant starts from any state outside of the OR of u. Thus it
would be too late for the safety controller to keep the plant from violating the physical con-
straints once the state of the physical system is out of its OR. To prevent this, we define a re-
stricted operational region (ROR) as follows:

Definition 2.3: Given a plant in Equations (1)–(3), let T be the sampling period of the overall
system and ),,( 00 txtvφ  be the solution of Equation (1) at 0tt ≥ with v the control input tak-

ing values from G and ),( 00 xt  the initial condition. A restricted operational region of the

control law u is defined as a subset uu OR ⊆ ,

{ }GvtOTtxtOxxR uvuu ∈∀≥∀∈+∈= ,0,),,(,: 000φ .

Clearly, the restricted operational region contains all the states from which the state of the
plant at the next sample will still be a point inside the corresponding operational region, no

   mF

maxx
x x=0
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matter what control is applied to the plant. Based on the definition of a restricted operational
region, we define the notion of a safety region to characterize the safety of the plant.

Definition 2.4: Consider a plant given in Equations (1)–(3).

1. A safety region of a safety control law that takes values from G is defined as a restricted
operational region of su  (i.e., 

suR ). In addition, if all the trajectories of the plant can be

driven to a subset 
suRS ⊆  by su , the safety region is said to be recoverable to S.

2. A given state of the physical system is safe with respect to a safety control su  if it is

inside 
suR . Otherwise it is unsafe.

The safety region defined above may still not be conservative enough when there is one pe-
riod delay in control implementation, in which case the control command computed based on
the state at time t is sent to the physical plant at time t+T. To see this, we suppose that the
state of the physical plant is detected to be out of the safety region at t. Although the safety
controller will then be chosen to control the plant, its control command will not affect the
physical plant until time t+T. At time t+T, however, the physical plant may have already
evolved to a state out of the OR of the safety controller. Therefore, when the system involves
one period delay in control implementation, the safety region of the safety controller su  is

further restricted as { }GvtOTtxtOxxR
sss uvuu ∈∀≥∀∈+∈= ,0,)2,,(,: 000φ .
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3 Lyapunov Stability Theory in Safety
Control

When the physical plant involves equilibria or steady state, the safety of the plant can be
characterized by the stability of the plant. In this case, the safety controller can be designed to
maintain the stability of the physical plant, and the safety region can be defined as the stabil-
ity region of the plant under the safety control. In this section, we first briefly review the Ly-
apunov stability theory, then formulate the safety-related issues as a stabilization problem.
Most of the results in this section are well established in system and control literature, and we
will simply state the results without proof. For details, readers can refer to a number of con-
trol texts (e.g., [Luenberger 79]).

3.1 Lyapunov Stability Theory
Before getting into the details of the Lyapunov stability theory, we will first give some defi-
nitions related to the stability of a dynamic system.3 Here we consider a class of continuous-
time autonomous dynamic systems described by the following equation:

nRxtxfx ∈= )),((& (4)

Definition 3.1: An equilibrium of the system in Equation (4) is a state ex  satisfying

0)( =exf .

Definition 3.2: Suppose ex  is an equilibrium state of a system in Equation (4). Then,

1. ex  is stable if for any 0>ε , there exists a δ , εδ <<0 , such that for all )( 0tx

satisfying δ<− extx )( 0 , we have 0,)( ttxtx e >∀<− ε .

2. ex  is asymptotically stable if it is stable and e
t

xtx =
∞→

)(lim .

3. ex  is unstable if it is not stable.

Definition 3.3: A dynamic system with an equilibrium state ex  is said to be (asymptotically)

stable if ex  is a (an asymptotically) stable equilibrium. A stability region S of the system is

                                                
3 In this and subsequent sections, we will often use the word “system” to refer to a plant whose
dynamics can be described by a set of differential equations. This should not be confused with the
system that we defined previously with respect to the overall computer-controlled system.
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defined as a region in the system state space from which the system trajectories will stay in-
side a bounded region SB ⊇ . Furthermore, if B = S, S is called a restricted stability region.

Definition 3.4: A function V(x) defined in a neighborhood U of an equilibrium ex of a system

in Equation (4) is a Lyapunov function if it satisfies the following conditions:

1. V is continuous and has continuous first order partial derivatives;

2. ex  is the unique minimum of V(x) with respect to all other states in U;

3. The time derivative UxxV ∈∀≤ ,0)(& .

The above definitions have clear physical implications. The definition of equilibrium state
implies that, once the system is at an equilibrium, it will stay there forever. For a dynamic
system with a stable equilibrium, if the system starts close to the equilibrium, it will remain
close to the equilibrium for all future time. Furthermore, if the equilibrium is asymptotically
stable, the trajectory of the system will tend to the equilibrium as time increases. The stability
region clearly characterizes the states, starting from which the system will be maintained
close to the equilibrium, or will converge to the equilibrium. In safety control, we are inter-
ested in the stability region with an asymptotically stable equilibrium. Finally, the definition
of the Lyapunov function represents an analogy to the energy dissipation process with mini-
mum energy at the equilibrium point. Figure 3 illustrates some of the definitions.

Unstable

Equilibrium

Stable

Asymptotically

1x

2x

V(x)

V

x(t)

Figure3.a  Illustration of stable, asymptotically
stable, and unstable equilibrium.

Figure 3.b  Illustration of a
Lyapunov function.

δ

ε

Figure 3:    Illustrations of Stability-Related Definitions

Theorem 3.1 (Lyapunov Stability Theorem): For a dynamic system in Equation (4) with an
equilibrium ex , if there exists a Lyapunov function V(x) in a neighborhood U of ex , then the

equilibrium ex  is stable. Furthermore, if the time derivative )(xV&  is strictly negative every-

where in U except ex , the equilibrium is asymptotically stable.

The Lyapunov stability theorem addresses two issues. First, for any given dynamic system
with an equilibrium, if a Lyapunov function can be constructed with respect to the equilib-
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rium, then a conclusion of the system stability (i.e., the system is stable or asymptotically
stable about the equilibrium) can be made. However, finding a Lyapunov function is a suffi-
cient condition for system stability. In other words, it can not be concluded that the system is
unstable if no Lyapunov function has yet been found. Second, a stability region can be ob-
tained from a Lyapunov function. Suppose there exists a Lyapunov function V(x) in a neigh-
borhood U of an equilibrium of a given system. Then the Lyapunov function theorem implies
that there exists a positive constant c such that the region defined by },)(:{ UxcxVxS ∈≤=
is a stability region. It is worthwhile to note that the stability region defined in this way is not
unique, and the set S with the largest c would give the largest stability region defined by this
particular Lyapunov function. Since the time derivation of the Lyapunov function is always
non-positive, the stability region defined by a Lyapunov function will be restricted. Thus, in
the rest of this report, we will simply use stability region in the restricted sense when we de-
rive the stability region from a Lyapunov function.

As a subclass of the systems in Equation (4), linear time-invariant (LTI) systems are of spe-
cial interest. Numerous results related to this class of systems have been well established. In
the next few paragraphs, we will show how the Lyapunov stability theorem is applied to this
type of system. This class of system is given by the following equation:

nRxAxx ∈= ,& (5)

Theorem 3.2: An LTI system in Equation (5) is asymptotically stable at the equilibrium x = 0
if and only if all the eigenvalues of matrix A are in the left half complex plane.

Definition 3.5: A system in Equation (5) is quadratically stable at the equilibrium x = 0 if

there exists a positive definite matrix P such that the quadratic function PxxxV T=)(  has

negative derivatives along all the trajectories of Equation (5).

Theorem 3.3: A system in Equation (5) is asymptotically stable at the equilibrium x = 0 if
and only if it is quadratically stable.

The equivalence of asymptotic stability and quadratic stability enables the systematic study
of Lyapunov stability in LTI systems. Specifically, the construction of a Lyapunov function is
narrowed to quadratic forms; however, such quadratic Lyapunov functions always exist as
long as the LTI system is asymptotically stable. In other words, the existence of a quadratic
Lyapunov function is a necessary and sufficient condition for the system to be asymptotically
stable. To apply the Lyapunov stability theorem in an LTI system, we consider a quadratic

function of state variables given by PxxxV T=)( , where P is a positive definite matrix, de-

noted by P > 0.4 We will show the conditions under which V(x) qualifies as a Lyapunov
function, and therefore, the system is asymptotically stable. Apparently, any function V(x)

                                                
4 Function V(x) is also called a positive definite function in the sense that 0,0)( ≠∀> xxV
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just defined satisfies Conditions 1 and 2 in the definition of a Lyapunov function. To check
the third condition in the definition, we differentiate V(x) along the system trajectory, and
obtain the following:

xPAPAxV TT )( +=&

Then 0<V&  implies that the matrix 0<+ PAPAT . Hence we conclude that the system in

Equation (5) is asymptotically stable if and only if there exist matrices P or 1−= PQ  such

that

0,00,0 <+><+> AQQAQorPAPAP TT (6)

This is also known as a feasible problem [na2]in the context of LMI. Namely, the LMIs in
Equation (6) are feasible if there exist matrices P or Q = P-1 satisfying Equation (6). Moreo-
ver, a system in Equation (5) is asymptotically stable if and only if LMIs in Equation (6) are
feasible. This translates a stability problem to an LMI problem which can be solved by the
interior-point methodology. We will discuss the solutions to this type of LMI problem in Sec-
tion 4.

3.2 A Stabilization Problem
In the previous subsection, the Lyapunov stability theory was presented for a class of
autonomous systems. In this subsection, we will apply the theory to control systems de-
scribed in Equations (1)–(3). Specifically, we will concentrate on safety control [na3]since it is
responsible for maintaining the safety of the physical plant, a crucial functionality in the
Simplex architecture. As mentioned earlier, the safety of the physical plant can be character-
ized by the stability of the plant when there is an equilibrium in the set of admissible states.
Namely, guaranteeing the safety of a plant is equivalent to maintaining stability of the plant
when the plant is operating around an equilibrium; thus, a safety region can be defined as a
stability region. In this sense, the safety controller can be designed to stabilize the plant
around the equilibrium, and a corresponding stability region is derived as the safety region. A
formal problem statement is given below. Again, consider a class of plants

rjuplixquxfx ji ,...,1,0)(and,,...,1,0)(with),( =≤=≤=& (7)

Suppose there is a unique equilibrium ),( ee ux  defined by

.,...,1,0)(and,,...,1,0)(,0),( rjuplixquxf ejeiee =∀≤=∀≤=

Then the control objective is to design a state feedback control law u(x(t)) with

0,))(( ttGtxu >∀∈ , such that the closed-loop system ))(,( xuxfx =&  is asymptotically stable
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at ex . Furthermore, find the largest stability region of the closed-loop system contained in the

set of admissible states.

The problem posed [na4]is a stabilization problem, and the solution can be obtained from the
Lyapunov stability theory. With the control law designed in a state feedback form, we con-
clude that the closed-loop system is an autonomous system,5 and the Lyapunov stability the-
ory introduced in previous subsection can be applied directly. It is not trivial, however, to
solve a nonlinear stability problem. Except for a small subclass of systems (for instance, sys-
tems that can be linearized by state feedback), most of the problems do not have known ana-
lytic solutions. Even though there are analytic solutions to some of the problems, they may
not be generalized to other problems. To develop a systematic approach for control design
and stability region derivation, we adopt the standard scheme to deal with nonlinear systems
(namely, linearizing the nonlinear system at the equilibrium state), and then solve the prob-
lems with the linearized system. Specifically, let ee uuuxxx −=−= δδ and, . Then expand-

ing function f(x,u) by Taylor expansion and keeping only the first order terms, we get the
following:

e

e

e

e
uu
xx

uu
xx u

uxf
B

x

uxf
AuBxAx

=
=

=
= ∂

∂=
∂

∂=+= ),(
and

),(
whereδδδ&

are constant matrices. This transforms the nonlinear stabilization problem to a linear one. In
the next section, we present several LMI-based approaches to solve the linear stability prob-
lem.

                                                
5 It is not necessary for the control law to be state feedback, and it could be an open control loop (for
instance, a big-bang control). If the control depends on time explicitly, the controlled system is no
longer autonomous. Nevertheless, in this report, we will focus on the class of system in Equation (7)
with state feedback control law u(x).
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4 Stability Analysis with LMI-Based
Approaches

In the previous section, we defined the safety control as the control that stabilizes the plant at
the equilibrium and characterized the safety region as a stability region of the plant under
safety control. In this section, we present LMI-based approaches to solve the linear stabiliza-
tion problem. In particular, we first formulate the problem in an LMI form, and then solve it
for two different cases: (1) Derive the stability region for a given safety controller, and (2)
design the safety controller and derive the corresponding stability region. Finally, we discuss
further improvements of the presented LMI approaches. The fundamental concept and basic
schemes used in this section are described in detail by Boyd et al in [Boyd 94].

As we discussed earlier, the stabilization problem will be solved for a class of linear time-
invariant systems, which could be linearized approximations of the physical plants. Suppose
this class of LTI systems is described as follows:

BuAxx +=&  with constraints: lixaT
i ,...,1,1 =≤  and rjubT

j ,...,1,1 =≤ (8)

where nRx∈  is a vector of state variables, mRu ∈  is a vector of control inputs, and
n

k Ra ∈ and m
j Rb ∈  are constant vectors. Clearly, the equilibrium state x=0 is a point in the

set of admissible states. The control objective is to design a linear state feedback control in
the form u = Kx such that the closed-loop system is in an asymptotically stable state at the
equilibrium. Moreover, the controlled system will evolve in a feasible region in the state
space, where no constraints will be violated. This implies that the stability region of the
closed-loop system will be restricted by the constraints. With the control law u = Kx, the
closed-loop system is written as follows:

xAx =&  with constraints pkxT
k ,...,1,1 =≤α (9)

where rlpjlkrjKblkaBKAA T
j

T
kkk +=+=====+= ,,,..,1,,,..,1,, αα . According

to the Lyapunov stability theory, the system in Equation (9) is asymptotically stable if and
only if there exists a matrix P (or Q = P-1) such that

0,00,0 <+><+> QAAQQorAPPAP
TT

            (10)
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Then a stability region S of Equation (9) can be defined as follows:

}1:{ ≤= PxxxS T            (11)

In addition, all the trajectories of the closed-loop system in Equation (9), starting from states
in S, will satisfy the constraints if the stability region satisfies the constraints (i.e.,

SxxT
k ∈∀≤1α , pk ,...,1= ). The following Lemma casts the constraints in an LMI form.

Lemma 4.1: Given an LTI system with the constraints in Equation (9), the stability region S
defined in Equation (11) satisfies the constraints in Equation (9) if and only if

pkP k
T
k ,...,1,11 =≤− αα .

Proof:  By definition, S satisfies the constraints if and only if pkSxxT
k ,...,1,1 =∈∀≤α .

This is equivalent to pkxT
k

Sx
,...,1,1max =≤

∈
α . Next we will show k

T
k

T
k

Sx
Px ααα 1max −

∈
= ,

pk ,...,1=∀ , which implies the Lemma. To this end, we solve the following nonlinear pro-

gramming problem for each k = 1,...,p:

1tosubjectmaximize ≤Pxxx TT
kα

Let *x  be the optimal solution. Then *x  satisfies the Kuhn-Tucker conditions:

0,0)1(,02 *** ≥=−=− λλλα PxxPx T
k

Apparently, there is a solution to *x  only if 0>λ . Solving the above equations, we obtain
the following:

( ) k
T
k

T
k

T
k

Sx
k

T
kk

T
aPxxaPPx 1*11* max −

∈

−− ==⇒= ααααα

Then we conclude that 1max ≤
∈

xT
k

Sx
α if and only if 11 ≤−

k
T
k P αα  for all k=1,...,p. 

We now complete the transformation of a linear stabilization problem to a feasible problem
with the following summary: The plant is stabilizable (i.e., it can be stabilized at the equilib-
rium without violating the constraints), if there exists a matrix P (or Q = P-1) such that the
following LMIs are satisfied:









=≤

<+

>









=≤

<+

>

− .,...1,1

;0

;0

.,...1,1

;0

;0

1 pkQ

QAAQ

Q

or

pkP

APPA

P

k
T
k

T

k
T
k

T

αααα

            (12)
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In the above feasible problem, the solutions to K and P (or Q) are not unique. In fact, there
are an infinite number of K such that the control u = Kx will stabilize the plant as long as all
the eigenvalues of A  are in the left half of the complex plane. In addition, for each K, there
may be an infinite number of  stability regions defined in Equation (11) satisfying the con-
straints. Given that a stability region is derived as a safety region, and the larger the safety
region is, the more freedom an upgraded controller may have to explore new functionalities,
we will be interested in the largest safety region. This leads to two different cases that will be
investigated next: (1) Find the largest stability region with a given safety controller, and (2)
design the safety controller such that the resulting stability region is maximized.

4.1 Stability Region with a Given Controller
In this case, we derive the safety region of the plant controlled by a given controller (i.e.,
u = Kx with K given). This is the case when the safety control design and the safety region
derivation are carried out separately. The safety control could be designed by some methods
other than LMI, for instance, the linear quadratic regulation (LQR) technique or pole place-
ment method, when some performance specifications need to be satisfied. It could also be the
control algorithm that has been used in the past and has been proven reliable. Given that the
stability region defined in Equation (11) is not unique, we are interested in deriving the larg-
est S subject to the constraints. Since each stability region geometrically defines an ellipsoid
in the state space of the plant, the size of a stability region is referred to as the volume of the
ellipsoid. Hence the stability region in this case will be derived by solving an optimization
problem: Maximize the volume of the ellipsoid subject to the constraints.

Since the control gain K is given, matrix A  is completely determined, and the optimization
problem is solved over all feasible matrices Q subject to LMI constraints in Equation (12).

Since the volume of an ellipsoid given by }1:{ ≤= PxxxS T  is proportional to 1det −P ,

maximizing the volume is equivalent to minimizing the determinant 1det −Q . Hence, a com-

plete LMI problem for the optimization can be formulated as follows: For a dynamic plant

xAx =& with constraints pkxT
k ,...,1,1 =≤α , find the matrix Q that

.,...,1,1

;0

;0tosubject

detlogminimizes 1

pkQ

QAAQ

Q

Q

k
T
k

T

=≤
<+

>

−

αα
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This problem is solved by Vandenberghe et al in [Vandenberghe 98], and a software imple-
mentation of the algorithm was developed by Wu and Boyd [Wu 97].6 The following example
illustrates the derivation of the stability region using the SDPSOL7 software.

Example 4.1: Consider the simple mechanical plant given in Example 2.1. Suppose the
physical parameters are given the following values:

 Newton1F meters,2,kg1 maxmax === xm .

In addition, the safety controller is designed with the control gain K = [-2, -3].

Then the dynamics of the closed-loop plant is described by xAx =& with







≤−−≤

≤








−−

=







=

132,1

2
:sconstraintand,

32

10
,

21

1

2

1

xxoru

x
A

x

x
x

and the stability region is specified by }1:{ 1 ≤= − xQxxS T  with Q a 22 ×  symmetric matrix

to be determined. Then the LMI problem is formulated as

,4...,1,1

;0

;0tosubject

detlogminimize 1

=≤
<+

>

−

kQ

QAAQ

Q

Q

k
T
k

T

αα

where ]3,2[and],3,2[],0,2/1[],0,2/1[ 4321 =−−=−== TTTT αααα . Solving this problem,

we obtain the Q matrix as









−

−
=

8915.16686.2

6686.20.4
Q

and the stability region displayed in Figure 4. (Note: The dashed lines in Figure 4 indicate the
constraints.)

                                                
6 The software can be downloaded via anonymous ftp <http://www.stanford.edu/~boyd/sdpsol/>
and <http://www.stanford.edu/~boyd/maxdet/>.
7 SDPSOL is a parser/solver for semidefinite programming and determinant maximization problems
with matrix structure.
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Figure 4:    The Stability Region (Solid Line) of the Closed-Loop Plant in Example 4.1
with Control Law 21 32 xxu −−=

4.2 Design of the Safety Controller
In this case, we design the safety controller and construct the corresponding stability region.
This is the case when the control gain K and the matrix P (or Q) are determined jointly. We
solve an optimization problem over all possible K and P (or Q) subject to the constraints such
that the resulting closed-loop plant is asymptotically stable and the corresponding stability
region is maximized. The stability region obtained in this case will be the largest one given
by a quadratic Lyapunov function with respect to all possible Ks that render asymptotic sta-
bility in the physical plant. Since the control gains are unknown in this case, and the choice
of them will be restricted by the control constraints, we consider the dynamics systems given

in Equation (8). Substituting BKAA +=  in Equation (12), we obtain the following:

0<+++ BKQBQKAQQA TTT

By introducing the change of variable KQZ = , the above condition becomes

0<+++ BZBZAQQA TTT

and the constraints 111 1 ≤⇒≤⇒⇒≤ −
j

TT
jj

TT
j

T
j

T
j bZZQbbKQKbKxbub , where the

second step is the result of Lemma 4.1 and the third step is due to the change of variable.
Using the Schur complements, we convert the last inequality to an LMI form as follows:

rj
QbZ

Zb

j
T

T
j ,...,1,0

1
=≥












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Then the LMI problem can be formulated as follows: For the dynamic plant BuAxx +=& with

control law u = Kx, and the constraints lixaT
i ,...,1,1 =≤  and rjubT

j ,...,1,1 =≤ , find Q

and Z that

.,...,1,0
1

;,...,1,1

;0

;0tosubject

detlogminimizes 1

rj
QbZ

Zb

liQaa

BZBZAQQA

Q

Q

j
T

T
j

i
T
i

TTT

=≥











=≤

<+++
>

−

Again, this problem can be solved by the approach developed in [Vandenberghe 98] and the
SDPSOL software. Applying the change of variable, we obtain the control gain K = ZQ-1.

In some plants, not only is the state constrained, but also the rates of change of state. Such
constraints are often called rate limits. In this report, we consider the rate limits in the form

},...,1{,1 nkxcT
k ∈≤& , and translate them to an LMI as follows:

0
)(

1

)()(1)()(

1)()(1)(1

111

≥







+

+
⇒

++⇒≤++⇒

≤++⇒≤+⇒≤

−−−

QBZcAQc

BZcAQc

BZcAQcQBZcAQcBZQcAcQBZQcAc

BKcAcQBKcAcxBKcAcxc

TT
k

T
k

T
k

T
k

TT
k

T
k

T
k

T
k

TT
k

T
k

T
k

T
k

TT
k

T
k

T
k

T
k

T
k

T
k

T
k &

Therefore, the LMI problem for optimization involving rate limits can be stated as follows:

For the dynamic plant BuAxx +=& with control law u = Kx and the constraints 1≤xaT
i ,

li ,...,1= , rjubT
j ,...,1,1 =≤ , and qkxcT

k ,...,1,1 =≤& , find Q and Z that

.,...,1,0
)(

1

;,...,1,0
1

;,...,1,1

;0

;0tosubject

detlogminimizes 1

qk
QBZcAQc

BZcAQc

rj
QbZ

Zb

liQaa

BZBZAQQA

Q

Q

TT
k

T
k

T
k

T
k

j
T

T
j

i
T
i

TTT

=≥







+

+

=≥











=≤

<+++
>

−
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Example 4.2: To illustrate the design of the safety controller together with the derivation of
the corresponding stability region, we consider Example 2.1 again. In this case, the dynamics
of the plant are described by BuAxx +=& with







≤

≤












=








=












=

1

2
:sconstraintand,

1

0
,

00

10
,

1

2

1

u

x
BA

x

x
x

Let Q be a 22 × symmetric matrix and Z be a 12 × matrix. Then the LMI problem is formu-
lated as follows: Find Q and Z that

.,...,1,0
1

;,...,1,1

;0

;0tosubject

detlogminimizes 1

rj
QbZ

Zb

liQaa

BZBZAQQA

Q

Q

j
T

T
j

i
T
i

TTT

=≥











=≤

<+++
>

−

where 1and,1],0,2/1[],0,2/1[ 2121 −==−== bbTT αα . Solving this problem using

SDPSOL software, we obtain Q and Z as

]0746.1,1547.1[and
4641.32408.1

2408.10.4
−−=








−

−
= ZQ

which determine the control gain: ]4653.0,433.0[1 −−== −ZQK , and the corresponding

stability region as depicted in Figure 5. (Note: The dashed lines in Figure 5 indicate the con-
straints of the plants.)
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Figure 5:    The Stability Region (Solid Line) for the Designed Safety Controller in
Example 4.2

We now make a comparison of the controllers designed in this subsection (referred to as the
designed controller) and the one given in the previous subsection (referred to as the given
controller). As mentioned earlier, the designed controller results in the largest stability region
of the closed-loop system with respect to all the possible control laws for stabilizing linear
state feedback. Figure 6 shows that its corresponding stability region is indeed larger than the
one obtained from the given controller. In addition, the performance of the physical plant un-
der the two controllers is also different. The simulation results in Figure 6 show that, in terms
of the convergence rate, the performance of the plant under the given controller is much bet-
ter than when it is controlled by the designed controller, when the plant starts from the state

]8.0,0.1[],[ 21 −=xx  in both cases. The comparisons of the stability region and the closed-

loop system performance reveal a general tradeoff for linear state feedback control laws;
namely, the size of the stability region and the performance of the closed-loop system are in-
versely related. This is an important point in the concept of analytic redundancy with respect
to the controller design in the Simplex architecture. Specifically, since the safety controller is
responsible for providing protection, it should be designed so that the upgraded controller can
explore new functionality in a large domain of the state space. Therefore, the primary goal in
the safety controller design is to make its operational region as large as possible, and the sec-
ondary concern may be to increase the performance it yields. On the other hand, the baseline
controller serves as the complement of the safety controller, so its performance should be the
first priority, and its operational region becomes a minor issue. In summary, in the examples
that we considered, the designed controller can serve as the safety controller, and the given
controller can be used as the baseline controller. An extensive analysis of the tradeoff was
given in the case study on the inverted pendulum control system; see [Seto 99a].
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Figure 6:    Comparisons of the Stability Region and Performance of the Plant Under
the Designed Controller and the Given Controller8

The above comparisons also motivate a general design strategy for the safety controller and
baseline controller from an existing control algorithm, which has been used in the past. In
particular, starting from the existing control algorithm, by adjusting the parameters in the al-
gorithm such that the operational region is enlarged, we may get a safety controller; by ad-
justing the parameters to improve the performance of the controlled system, we will obtain a
baseline controller. If the existing control algorithm is linear state feedback, the adjustment of
the control gains can be carried out systematically using the LMI approaches that we have
proposed.

4.3 Further Improvements on Safety Control Design
Previously we have seen that the safety controller may result in low performance in the
closed-loop system. Such a reduced performance may not be acceptable in some systems be-
cause the recovery by the safety controller may take too much time. In this subsection, we
will show how to improve the performance with respect to some performance specifications.
In addition to designing the safety controller to maximize the corresponding stability region
subject to the constraints, we also require the closed-loop system to satisfy the given specifi-
cations. The specifications imposed on the performance should be moderate so that the corre-
sponding stability region remains a reasonably large size.

The specification that we will consider in this subsection is the closed-loop pole location.
Depending on how the specification is given, it can have various effects on performance (the
decay rate, the natural frequencies, etc.). Not only will the performance of the closed-loop
system be affected by the pole location, but the shape of the resulting stability region will
change as well. We will present a general approach developed by Chilali and Gahinet

                                                
8 In Figure 6, solid lines represent the result obtained from the designed controller, and dotted lines
show the result generated by the given controller. Again, the dashed lines indicate the constraints.
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[Chilali 96] to incorporate the specification into an LMI problem. Refer to [Seto 99b] for
some examples in aircraft control.

Definition 4.1: An LMI region is defined as a subset L of the complex plane C, described by

{ }0)(,: <∈= zfCzzL L

where T
L zzzf Ψ+Ψ+Φ=)( , and mmmmT RR ×× ∈Ψ∈Φ=Φ , .

Theorem 4.1: Given an LTI system in the form Axx =& , the system is asymptotically stable
with poles in an LMI region L if and only if there exists a symmetric matrix Q such that

0,0),( >< QQAM L

where TT
L AQAQQQAM )()(),( ⊗Ψ+⊗Ψ+⊗Φ= , and ⊗  denotes Kronecker product.

Corollary 4.1: Given an LTI control system BuAxx +=& with control law u = Kx, the system
is asymptotically stable with all the poles in an LMI region L if and only if there exist a
symmetric matrix Q and a matrix Z with proper dimensions such that

0,0),,( >< QZQAM L

where TT
L BZAQBZAQQLQAM )()(),,( +⊗Ψ++⊗Ψ+⊗Φ= . Moreover, the control

gain is determined by K = ZQ-1.

Theorem 4.1 and Corollary 4.1 give the LMI conditions for the system, with or without con-
trol, to be asymptotically stable with the specified pole location. When the system involves
constraints, additional LMI constraints such as we presented in the previous subsection
should be considered. Most of the often-used pole location specifications can be cast as LMI
regions defined in Definition 4.1 and incorporated into the LMI conditions for stability. For
example, suppose the poles of a completely controllable system BuAxx +=& are required to
be inside a disk of radius r and center (-d, 0), d > 0, in the complex plane. Let a complex pole
be denoted by jyxz += . Then the specified region in the complex plane is given by

222)( rydx <++ , or 2))(( rdzdz <++  because zzyxzzx =++= 22,2/)( . Applying

Schur complements, we obtain the LMI region given as

T
L zzzz
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and the LMI conditions for stability as



CMU/SEI-99-TR-018 23

0,0
0

00

00

0
),( ><








−+

+−
=








+








+








−

−
= Q

rQdQQA

dQAQrQ

QA

AQ

rQdQ

dQrQ
QAM TTL

Another important specification is related to the decay rate, namely the rate of the trajectories
of the closed-loop system converging to the equilibrium. Such a rate requirement can be
translated to the pole location by making all the poles of the closed-loop system located at the
left side of the vertical line x = -d, d > 0. Then all the trajectories of the closed-loop system
will converge to the equilibrium at rates no less then d. The specification of the pole location
in this case is given by x < -d, or 02)( <++= zzdzf L . Then the LMI conditions in Theo-

rem 4.1 are given by

0,02),( ><++= QQAAQdQQAM T
L

Incorporating the constraints on pole location into the stabilization problem will improve the
performance of the closed-loop system. This has been demonstrated in a case study on an
aircraft auto-landing control system [Seto 99b]. An extensive study on pole placement in the
context of LMI is also reported in [Chilali 96].
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5 Conclusions

In this report, we addressed the semantic fault tolerance issue in the Simplex architecture.
Fault detection and recovery were established with respect to the safety of the physical sys-
tem under control. Specifically, faults are detected by checking the safety of the physical
plant against a predefined safety region, and the recovery is guaranteed by the safety con-
troller. When the physical plant is operated around an equilibrium, the safety controller is
designed to stabilize the system at the equilibrium, and the safety region is defined as the sta-
bility region of the physical plant under the safety controller. By linearizing the plant at the
equilibrium, a linear approximation of the plant is obtained. Based on this linear model of the
plant, several LMI-based approaches are presented to (1) systematically derive the largest
stability region of the plant under a given controller and (2) systematically design the safety
controller and derive the corresponding safety region. Figure 7 shows a flow chart of this
complete procedure for developing the semantic fault tolerance mechanism using LMI.
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Figure 7:    A Development Cycle for Semantic Fault Tolerance Mechanism Using
LMI
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